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R. Harlander, The Gradient Flow Formalism in Perturbation Theory, Loops & Legs 2024 i -

oooooooooooo



Perturbative solution

flow equation: 0,B ~ 0°B + gOde n ggB3 Bﬂ(t = () = Aﬂ

perturbative ansatz: Bb=B+g)B,+ ...

R. Harlander, The Gradient Flow Formalism in Perturbation Theory, Loops & Legs 2024 i -

oooooooooooo



Perturbative solution

flow equation: 0,B ~ 0°B + gOde n ggB3 Bﬂ(t = () = Aﬂ

perturbative ansatz: Bb=B+g)B,+ ...

momentum space: Bl(t,p) — e_tpzfi(p)

R. Harlander, The Gradient Flow Formalism in Perturbation Theory, Loops & Legs 2024 i -

oooooooooooo



Perturbative solution

flow equation: 0,B ~ 0°B + goﬁBz n ggB3 Bﬂ(t = () = Aﬂ

perturbative ansatz: Bb=B+g)B,+ ...

momentum space: Bl(t,p) — e_tpzfi(p)

cf. heat equation: 0, u(t) = Au(r)

R. Harlander, The Gradient Flow Formalism in Perturbation Theory, Loops & Legs 2024 i -

oooooooooooo



Perturbative solution

flow equation: 0B ~ 0’B + gOde + g3B3 Bﬂ(t =0) = Aﬂ

perturbative ansatz: B=B+g)B,+ ...

momentum space: Bl(t,p) — e‘tpzﬁ(p)

cf. heat equation: 0, u(t) = Au(r)

R. Harlander, The Gradient Flow Formalism in Perturbation Theory, Loops & Legs 2024 :I';s’t,l,t:,t;e,::',s.cs

ooooooooooo




Perturbative solution

flow equation: 0,B ~ 0°B + gode + 8333

perturbative ansatz: B=B+g)B,+ ...

momentum space: Bl(t,p) — e‘tpzﬁ(p)

cf. heat equation: 0, u(t) = Au(r)

R. Harlander, The Gradient Flow Formalism in Perturbation Theory, Loops & Legs 2024



Perturbative solution

flow equation: 0,B ~ 0°B + goﬁBz n ggB3 Bﬂ(f = () = Aﬂ

perturbative ansatz: Bb=B+g)B,+ ...

momentum space: Bl(t,p) — e_tpzfi(p)

By(1,p) = j dsjd“q K(t,5,p.q) A(p) A(p — q)
0

K(7, s,p,q) ~ exp [—fP2 — 25q(q —P)]

elcC.

Exponential damping in momentum integrals!
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Quantum field theory

g:gQCD_l_‘SZB
vV UU

SZBNJ art, (98,-2,G,)

LM Lagrange multiplier field
LUscher, Weisz 2011
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Quantum field theory

P =ZLocn+ Ly , CTTTTTTTTT, ~ (0| TB{(t,x) B)(5,0)| 0)
00 5ab (5 5p,upy) e—(t+S)p2

Py~ | drl, (dtBﬂ—QZUGW) 7\
0

LM Lagrange multiplier field
LUscher, Weisz 2011

R. Harlander, The Gradient Flow Formalism in Perturbation Theory, Loops & Legs 2024 i -

oooooooooooo



Quantum field theory

o a b
P — gQCD + L MaM,S (O] TB,(t,x) B)(s,0) | 0)
00 5ab (5 5p,upy) e—(t+S)p2
Ly~ J dtLM (&tBﬂ — QZUGW) p> \"" T p?
O b
L, Lagrange multiplier fielo , Sgoeeeeety ~ (0| TL;(z,x)B,)(5,0)|0)
LUSCher, Weisz 2011 561[95/41/ (9(t — S) e_(t_S)Pz “g\UOI’] ﬂOW “neu
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Quantum field theory

_ COO00000000
g_gQCD_l_gB_l_g)( L, a,t V,b,s
ab
°° 0 (&t épﬂpy) e~ ()P
~ — 2 v 2

Py~ | dtl, (atBﬂ @,,GW) p p

0 -
L, Lagrange multiplier field 10, a,t b, s

Lischer, Weisz 2011 828, O — 5) o~ (t=5)p°

analogously for quarks: Ltischer 2013

& ~[ dt7(0,—A)y+h.c.
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~ (0| T B{(t, x) B/(5,0) | 0)

~ (0| T Lj(1.x) B)(5,0)| O)

‘gluon flow line”



Vertices

s=0 regular 3-gluon vertex
p? ,LL, a
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Vertices

s=0 regular 3-gluon vertex
p) ,LL, a

q,v,b

T7p7c

Institute for

R. Harlander, The Gradient Flow Formalism in Perturbation Theory, Loops & Legs 2024 TI‘ i -

and Cosmology




Vertices

s=0 regular 3-gluon vertex
p? M? a

q,l/,b Q7V7b

T,p,C

o0

ds (51/,0(T — Q)IL + 25,qu,0 _ 25upru

+ (5 = 1)(0ppqu — 0prp))

analogously for 4-gluon vertex and quarks
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Quantum field theory
S =%ocpt+ L+ 2, Ly~ J dtL, (@Bﬂ — QZUGW)

& N[ dti(0,—A)y+h.c.
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‘Bulk”™ is UV regulated
= renormalization unaffected!
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Quantum field theory

S =%ocpt+ L+ 2, Ly~ J dtL, (0tBﬂ — QZUGW>
0

‘Bulk™ 1s UV regulatea

L ~| dti(o.—A)y+h.c.
= renormalization unaffected! d J ( t ))(

0

AQCD

><@>

a (M)
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Let’s calculate

1
(E(1)) = Z(Gﬁ(t)Ga’””(t»
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Let’s calculate

1 5 PuP 2
_ a . CO000000000) HEV ) = (t+s)
(E(D)) = Z<G;w(t)G (1)) iy a,t v,b,s  p? (5”’” - p? ) p
L O:
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Let’s calculate

1 5ab p,upv _H_sz
B0 = G506+ 0 e W (WU P
L O:
explicitly: (E(1)) = 34 +  O(a?
g A2 (ar5)
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Let’s calculate

1 5 Pulu\ (o
(E®) = (GG (1) TG (e ) e
LO:
explicitly: (E(1)) = - +  Oa3) — measure as on the lattice?
T
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Let’s calculate

1 SSECEEET 5% PPy
<E(t)> = Z<Gﬁy(t)Ga’ﬂy(t)> W, a,t v,b,s  p? (5’W - p?
LO:
a
explicitly: (E(1)) = y ;2 + 0O(a?) — measure ds on the lattice?
T
ag = a(p)
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Higher orders

) Jl,,[kp“kz(p—k)2

® generalized loop integrals
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Higher orders

[
~ d
Jp[kp4k2(P—k)2 J()

® generalized loop integrals
® integration over flow-time parameters
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k, =
= (3

Luscher 2010

52 22
—+?ln2—31n3

8
) Cy— gnfTR + Gy Ly,

Lt//t = In 2ﬂ2t + e
1

NG

resulting perturbative
accuracy on ds: =+ 3-5%

Ho

PDG: = 1%



Three-loop calculation
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Three-loop calculation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

| exp

:—t (al(u)plz+ ---+a6(u)p62)]

- (1]

du; u;’ Jdel d°p, d"p;
i=1 70
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Three-loop calculation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo exp [—? (611(M)P12+"'+a6(“)p62)]
— dl/li l/l.ci Jde de de )
i=H1 JO ; 1 2 3 (p12)b1 (p62)b6

0
IbP identities:  —=—-p; 1(-+*) — modifies ¢, and b,

l

op
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Three-loop calculation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo exp [—? (al(u)l?%+"'+a6(“)p62)]
— dl/li l/l.ci Jde de de )
i=H1 JO ; 1 2 3 (p12)b1 (p62)b6

0
IbP identities:  —=—-p; 1(-+*) — modifies ¢, and b,
op;
.y I I difi b, and
—_— oo p— coo — coe —)
o («2) =1I( )u,-=1 ( )u,:o modities ¢, b, and a,

Artz, RH, Lange, Neumann, Prausa 19
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

1

eXp :—t (611(u)l712+"'+a6(”)p62>]
(plz)bl (p62)b6

- (1]

i=1 0

du; u;’ Jdel d”p,d"p,
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

eXp :—t (611(M)P12+"'+a6(“)p62)]
(plz)bl (p62)b6

J ol
— HJ du; u; Jdeldedep3
i=1 0

Schwinger parameters: 1 J PR
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Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo eXp —t(al(u)l?%+"'+a6(“)p62)]
du; u; Jde d°p,d°p _
FHIJ ; 1 2 3 (p12)b1 (p62)b6

dx xb~1 e_xf”2

Schwinger parameters: 1 ro
(p?)’

0

f 1 6 00
~ ( J du. uf) HI abcjxf“"_1 [del dPp, dPp; exp [—tpTA(x, i) p]
=1

l
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I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo eXp —t(al(u)l?%+"'+a6(“)p62)]
du; u; Jde d°p,d°p _
FHIJ ; 1 2 3 (p12)b1 (p62)b6

Schwinger parameters: 00 : map [
o P 1 o J dxxb—l e P _)pJ dx ---
(pz)b 0

0

f 1 6 00
~ ( J du. uf) HI abcjxf“"_1 [del dPp, dPp; exp [—tpTA(x, u) p]
=1

l
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Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo eXp —t(al(u)l?%+"'+a6(“)p62)]
du; u; Jde d°p,d°p _
FHIJ ; 1 2 3 (p12)b1 (p62)b6

Schwinger parameters: 00 : map [
o P 1 o J dxxb—l e P _)pJ dx ---
(pz)b 0

0

ol 6 1 .
~ ( J du, uf) HJ dx; xff_l Jdel d®p, dPp; exp [—tpTA(x, 7y p]
=1

l
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Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

( ool > eXp _—t(al(u)l?lz+”'+a6(“)p62)]
HJ du; u;’ Jdeld »d"p; _

L ] (pA)br - (p2)Pe

. | - 1
Schwinger parameters: 1 N PR map f
(p?)P

=1

1 6
~ (HJ duiul.cl) HI dx x’ - detA(x, u)]_D/2
0

J=1
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Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

( ool > eXp _—t(al(u)l?lz+”'+a6(“)p62)]
HJ du; u;’ Jdeld »d"p; _

e (PP =+ (pg)”

. | - 1
Schwinger parameters: 1 N PR map f
(p?)P

=1

! 6
C: —DJ/2 o
i <HJ d”z"“‘f) HI dx; X’ b | det Ax, u) | — sector decomposition
0

j=1 Binoth, Heinrich (2000)
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Implementation

I({Cp ", Cf}a {al(u), ", a6(u)}, {bla "t b6})

C1:C2:O
Cll =u11/l2, a2=u2, a3=u2—u1u2
a4=1, a5=1+u1u2, a6=1—u2
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Implementation

I({Cp ", Cf}a {al(u), ", a6(u)}, {bla "t b6})

c;=¢=0 ftint RH, Nellopoulos, Olsson (in prep)
Cll — u1u2 R a2 — I/lz R a3 — l/tz — u1u2
(based on pySecDec)

a,=1, a-=1+4+uunu,, a=1-—u
4 5 1772 6 2 Heinrich, Magerya, Kerner, Jones, ...
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Implementation

I({Cla B Cf}a {Cll(l/t), "‘,616(M)}, {b19 T b6})

c;=¢=0 ftint RH, Nellopoulos, Olsson (in prep)

al — l/lll/lz o Cl2 — l/lz 0 Cl3 — l/lz — u1u2
based on pySecDec

a4:1, a5:1+u1u2, a6:1—u2 ( 24 )

f[{{0,0},{ul*u2,u2,u2-ul*u2,1,1+ul*u2,1-u2}t},{1,0,0,1,0,0}] -> (
+epsA-1*(+8.3333333333333343*10/A-02+0.0000000000000000*10A+00* 1)
+epsA-1*%(+1.4433895444086145*107-15+0.0000000000000000*10A+00* 1) *plusminus
+epsA@*(+3.0238270284562663*10N-01+0.0000000000000000* 10A+00*1 )
+epsA0*(+1.6918362746499228*10/N-08+0 .0000000000000000*10A+00*I ) *plusminus
+epsA1*(+6.5531010458012129*101-01+0.0000000000000000* 10A+00*1 )
+epsA1*(+3.7857260802916662*10/A-08+0 .0000000000000000* 10A+00* 1) *plusminus

),
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—+?ln2—31n3

5

8
) Cy— EnfTR + Gy Ly,

Lt//t = In 2ﬂ2t + e

resulting perturbative
accuracy on ds: =+ 3-5%

PDG: = 1%



(1*E(1)) =

3a (1)

4r
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0.40 —
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1+ ky (1, ) () + kot ) aZ(0)

RH, Neumann 2016

resulting perturbative
accuracy on as: O(1%)

PDG: = 1%



This work - | * |
Wong 23 (prelim) - Pure YM o
Dalla Brida 19- | ‘ |
Ishikawa 17 - ' —— L
Kitazawa 16 - P = :
Brambilla 10- | L = |
QCDSF/UKQCD 05 s
ALPHA 981 s :
052 054 056 058 060 062 0.64
V/8t0Ays

A. Hasenfratz, Peterson, Sickle, Witzel (2023)
see also C.H. Wong et al.
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Effective Field Theories

Heff ™~ Z Cn @n
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Effective Field Theories

Heff ™~ Z Cn @n
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Effective Field Theories

Heff ™~ Z Cn @n

problems:

e find common renormalization scheme for C, and O
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Effective Field Theories

Heff ™~ Z Cn @n

problems:
e find common renormalization scheme for C, and O

® [attice renormalization may be difficult:

R. Harlander, The Gradient Flow Formalism in Perturbation Theory, Loops & Legs 2024 i -

oooooooooooo



Effective Field Theories

Heff ™~ Z Cn @n
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problems:
e find common renormalization scheme for C, and O,

® [attice renormalization may be difficult:
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Suzuki, Makino (2014)

Example
| | 1 1 1
energy-momentum tensor in QCD: T/w — ? @Lﬂy — Zﬁz,ﬂy T 263,/41/
0
Oy = Fuptp
@2,//”/ — 5//”/F56F56

_ <> g
O3, =W (V,,tDy + nyﬂ) W
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Example
. | 1 1 1
energy-momentum tensor in QCD: T/w = ? @1,,“/ — Z@Z’W T Zﬁs,ﬂy
0
Oy = Fuptp
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_ puxe <>
@3»‘41/ = l/j(y//tDI/ T }/I/D//t) W

o
@4,/,w — 5/4wa 1/

R. Harlander, The Gradient Flow Formalism in Perturbation Theory, Loops & Legs 2024



Suzuki, Makino (2014)
Example
. | 1 1 1
energy-momentum tensor in QCD: T/w = ? @1,,“/ — Zﬁz,/w T 2@3,,,,,,
0
Oy = Fupl'p
@2,//”/ — 5//”/F50F56

_ > >
O3, =W (V,,tDy + nyﬂ) W

R
@4,/w — ,uvl//lp Y

Formally finite, but lattice treatment difficult (translational symmetry is broken!)
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Example
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Formally finite, but lattice treatment difficult (translational symmetry is broken!)
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Example
| 1
energy-momentum tensor in QCD: L, = — [@1 w7020 +=03,
25 ’ 4 - 4
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Formally finite, but lattice treatment difficult (translational symmetry is broken!)
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Example
| 1
energy-momentum tensor in QCD: L, = — [@1 w7020 +=03,
25 ’ 4 - 4
4

No operator renormalization required!

Formally finite, but lattice treatment difficult (translational symmetry is broken!)

—(

consider 6,0 "> Y £,,(00, 0, Y &k 6,
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Example
. . 1
energy-momentum tensor in QCD: T/w = @Lﬂy — Zﬁz,ﬂy T 2@3,/41/
80
¢, (1): perturbatively 1

No operator renormalization required!

Formally finite, but lattice treatment difficult (translational symmetry is broken!)
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NNLO result

1 S 3 '
c1(t) = _2{1 . —5Ca+51F = Fo L(p,1)

q (47)? | 2
| (4‘2;1)4 : — B1 L(p,t) + C5 < 13:)1?2 1?2;16 In2 A 1137 In 3)
+ CATF (599Liz (%) | 1(;13;3 | ;?1772 2173753 In 2 A 34052 ln3>
) CFTF( QSGLiQ ( i ) : 2150887 gﬂg 186 - 11681 - 3)
+ (’)(96)} , L(p,t) =1In (2u2t) + YE
elc. RH, Kluth, Lange ‘18
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QCD Thermodynamics

. 4 1
Entropy density: c+p=—3 Too(x) — ZTW(x)

6 - ---- Boyd et al. A FlowQCD 2016
6.5 11 — Borsanyi et al. ® NLO (this work)
5 - ¢ Giusti-Pepe [ NZ2LO (this work)
Caselle et al. -
< <
6.0 | .
=4 =
Q3 Q5 .
+ + >
W o. W
~ ---- Boyd et al. A  FlowQCD 2016 -
1 - —— Borsanyi et al. ® NLO (this work) 5.0-
“ ¢ Giusti-Pepe i  N2LO (this work)
0 s | Caselle et al. i 45 |
1.0 1.5 2.0 2.5 1.0
T/T.

Iritani, Kitazawa, Suzuki, Takaura 2019

Institute for
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Flavor physics

Heff ™~ Z Cn @n

leading operator for By — B, mixing: O] = [(by*(1 — ZIN [1_9;/”(1 — ¥5)S]
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Flavor physics
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Flavor physics

Hg~ Y C,0, =Y C,(7'(0¢00), = ), C, (1) 6, =) C0,00),

leading operator for By — B, mixing: O] = [(by*(1 — ZIN [1_9;/”(1 — ¥5)S]

first studies: 0 (B, | @(t) \BS) Black, RH, Lange, Rago, Shindler, Witzel (2023)

P H Collaborative Research Center TRR 257
Particle Physics after the Higgs Discovery
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Flavor physics

expectation: (1) (Bs\é(t)\BS) =const + O-log(t) + c-t + -
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Flavor physics

expectation: (1) (Bs\é(t)\BS) =const + O-log(t) + c-t + -
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Conclusions

Gradient flow provides a bridge between lattice and perturbation theory
Perturbative calculations very close to standard QCD

Still challenges on the lattice

Proofs of principle exist

Option for otherwise inaccessible problems (mixing of different mass dimensions)
A number of other applications

o PDFs from the lattice [Monahan et al.|

o Renormalization group functions [A. Hasenfratz, O. Witzel et al.|
Static potential [Brambilla et al.]

EDMs [Shindler et al. ]
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Conclusions
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Still challenges on the lattice

Proofs of principle exist

Option for otherwise inaccessible problems (mixing of different mass dimensions)
A number of other applications

o PDFs from the lattice [Monahan et al.|
o Renormalization group functions [A. Hasenfratz, O. Witzel et al.|

Static potential [Brambilla et al.]
EDMs [Shindler et al. ]

O O O

e Plenty of opportunities!
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