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Perturbative solution

∂tB ∼ ∂2B + g0∂B2 + g2
0B3flow equation: Bμ(t = 0) = Aμ
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Perturbative solution

Exponential damping in momentum integrals!

B̃2(t, p) = ∫
t

0
ds∫ d4q K(t, s, p, q) Ã(p) Ã(p − q)

K(t, s, p, q) ∼ exp[−tp2 − 2sq(q − p)]
etc.

perturbative ansatz:            B = B1 + g0B2 + …

momentum space: B̃1(t, p) = e−tp2Ã(p)

∂tB ∼ ∂2B + g0∂B2 + g2
0B3flow equation: Bμ(t = 0) = Aμ
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Quantum field theory

Lμ Lagrange multiplier field

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒ = ℒQCD + ℒB

Lüscher, Weisz 2011
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Quantum field theory

Lμ Lagrange multiplier field

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒ = ℒQCD + ℒB + ℒχ

ℒχ ∼ ∫
∞

0
dt λ̄ (∂t − Δ) χ + h . c .

analogously for quarks:

ℒ = ℒQCD + ℒB

Lüscher 2013
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Vertices

regular 3-gluon vertex

analogously for 4-gluon vertex and quarks
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Quantum field theory

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)ℒ = ℒQCD + ℒB + ℒχ

ℒχ ∼ ∫
∞

0
dt λ̄ (∂t − Δ) χ + h . c .

ℒ = ℒQCD + ℒB

⇒ renormalization unaffected!

αs(MZ)

ΛQCD

tt = 0

⟨𝒪⟩

“Bulk” is UV regulated
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Let’s calculate

⟨E(t)⟩ ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t

s

t

∫
t

0
ds ∫p ∫k

e−(2t−s)p2

p2 k2 (p − k)2

• generalized loop integrals
• integration over flow-time parameters
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resulting perturbative  
accuracy on αs:  ± 3-5%

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ)]

PDG:  ± 1%

k1 = ( 52
9

+
22
3

ln 2 − 3 ln 3) CA −
8
9

nfTR + β0 Ltμ

Ltμ = ln 2μ2t + γE

μ0 =
1

8t

Lüscher 2010
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Three-loop calculation

t
t3

t2 t1

= (
f

∏
i=1

∫
1

0
dui uci

i )∫ dDp1 dDp2 dDp3

exp [−t (a1(u)p2
1+⋯+a6(u)p2

6)]
(p2

1)b1 ⋯ (p2
6)b6

I({c1, ⋯, cf}, {a1(u), ⋯, a6(u)}, {b1, ⋯, b6}) =

ui = ti/t
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Three-loop calculation

t
t3

t2 t1

= (
f

∏
i=1

∫
1

0
dui uci

i )∫ dDp1 dDp2 dDp3

exp [−t (a1(u)p2
1+⋯+a6(u)p2

6)]
(p2

1)b1 ⋯ (p2
6)b6

I({c1, ⋯, cf}, {a1(u), ⋯, a6(u)}, {b1, ⋯, b6}) =

IbP identities:
∂

∂pi
⋅ pj I(⋯) → modifies    and  ck bk

∂
∂ui

I(⋯) = I(⋯)
ui=1

− I(⋯)
ui=0

→ modifies  ,   and ck bk ak

Artz, RH, Lange, Neumann, Prausa ’19 

ui = ti/t
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Numerical evaluation
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RH, Neumann (2016)
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dx xb−1 e−xp2Schwinger parameters:
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→ sector decomposition
Binoth, Heinrich (2000)



 R. Harlander, The Gradient Flow Formalism in Perturbation Theory, Loops & Legs 2024

Implementation
I({c1, ⋯, cf}, {a1(u), ⋯, a6(u)}, {b1, ⋯, b6})

c1 = c2 = 0
a1 = u1u2 , a2 = u2 , a3 = u2 − u1u2
a4 = 1 , a5 = 1 + u1u2 , a6 = 1 − u2

b1 = b4 = 1
b2 = b3 = b5 = b6 = 0
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resulting perturbative  
accuracy on αs:  ± 3-5%

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ)]

PDG:  ± 1%

k1 = ( 52
9

+
22
3

ln 2 − 3 ln 3) CA −
8
9

nfTR + β0 Ltμ

Ltμ = ln 2μ2t + γE

Lüscher 2010
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resulting perturbative  
accuracy on αs:  O(1%)

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]

PDG:  ± 1%

RH, Neumann 2016
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A. Hasenfratz, Peterson, Sickle, Witzel (2023)

pure YM

C.H. Wong et al.see also
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Effective Field Theories

Heff ∼ ∑
n

Cn 𝒪n
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n

Cn 𝒪n

problems:

• find common renormalization scheme for    and  Cn 𝒪n

• lattice renormalization may be difficult:
• mixing due to non-chiral fermions, breaking of Poincaré invariance, …
• mixing of operators with different mass dimension:

𝒪R = Z1𝒪1 +
1
a2

Z2𝒪2 + ⋯ “power divergences”
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𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

Example

energy-momentum tensor in QCD: Tμν =
1
g2

0 [𝒪1,μν −
1
4

𝒪2,μν] +
1
4

𝒪3,μν

Suzuki, Makino (2014)
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: perturbativelycn(t)
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NNLO result

RH, Kluth, Lange ‘18etc.
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QCD Thermodynamics

Iritani, Kitazawa, Suzuki, Takaura 2019

Entropy density:
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Flavor physics
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Heff ∼ ∑
n

Cn 𝒪n = ∑
n

Cn (ζ−1(t) ζ(t)𝒪)n ≡ ∑
n

C̃(t)n 𝒪̃(t)n

leading operator for  mixing:Bs − B̄s 𝒪s
1 = [b̄γμ(1 − γ5)s][b̄γμ(1 − γ5)s]

= ∑
n

Cn (ζ−1(t) 𝒪̃(t))n

first studies: ζ−1(t) ⟨Bs | 𝒪̃(t) | B̄s⟩ Black, RH, Lange, Rago, Shindler, Witzel (2023)
Collaborative Research Center TRR 257 

Particle Physics after the Higgs Discovery
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ζ−1(t) ⟨Bs | 𝒪̃(t) | B̄s⟩expectation: = const + 0 ⋅ log(t) + c ⋅ t + ⋯

Flavor physics
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Particle Physics after the Higgs Discovery
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•  Gradient flow provides a bridge between lattice and perturbation theory
•  Perturbative calculations very close to standard QCD
•  Still challenges on the lattice
•  Proofs of principle exist
•  Option for otherwise inaccessible problems (mixing of different mass dimensions)
•  A number of other applications

PDFs from the lattice [Monahan et al.] 
Renormalization group functions [A. Hasenfratz, O. Witzel et al.] 
Static potential [Brambilla et al.] 
EDMs [Shindler et al.] 
…

•  Plenty of opportunities!


